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Let f: E -+ E be a continuous map of a complex Banach space E 
into itself. Let h E @, X # 0. Consider the equation 
Nx) -f(x) = Y9 GEE. (4 
We are interested in finding conditions on f and h which ensure the 
solvability of Eq. (e) for all y E E. In other words we look for the 
surjectivity of the map A - f defined by (A -f)(x) = x -f(x). 
Throughout this paper we will always assume that f is a quasibounded 
map (see Granas [2]). That is, there exist A, B > 0 such that 
Ilf(x)ll G A + B II * II f or all x E E. The quasinorm off, written j f I, 
is the infimum of all B > 0 such that the above inequality holds for 
some A 3 0, i.e., 
IfI = liE,rnfpw . 
X 
We first study the vector space Q(E) of all quasibounded maps 
from E into itself and the quotient space A(E) of all asymptotically 
equivalent classes of quasibounded maps (see definition below). We 
prove that the quasinorm 1 * I, which is obviously a seminorm on Q(E), 
is actually a Banach norm on A(E). 
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We introduce the spectrum Z(f) off E Q(E) in the following way. 
We prove that this spectrum is a compact subset of @ and that r(f ), 
the spectral radius off, is not greater than / f /. Moreover, in the case 
when f is a bounded linear operator we show that Z(f) C u(f ), 
where a(f) denotes the usual spectrum. Furthermore, Z(f) = u(f) 
when f is also compact. 
This notion of spectrum turns out to be actually defined on the 
quotient space A(E), since if f is asymptotically equivalent to g then 
C(f) = ‘w 
The main surjectivity result of this paper is the following. 
Let f: E --f E be compact and quasibounded. If X # 0 belongs to the 
unbounded component of C\Z(f ), then X - f is onto. 
This extends results previously obtained by Granas [2] and 
Krasnosel’skij [3]. 
1. DEFINITIONS, NOTATIONS, AND PRELIMINARY RESULTS 
Let E be a (real or complex) Banach space. We will use the following 
notations. 
L(E) is the Banach space of all bounded linear operators from E 
into itself. 
B(E) is the vector space of all continuous maps f: E + E such that 
Ilf (4 < MII x II, f or some M > 0 and all x E E. We define the 
norm jl f 11 off as the smallest M > 0 such that this inequality holds 
for all x E E. An element of B(E) is called a bounded map on E. It is 
straightforward to check that in fact B(E) is a Banach space. 
Q(E) is the vector space of all quasibounded maps defined on E. 
That is, the space of all continuous maps f: E -+ E such that there 
exist A, B > 0 satisfying 
(9 Ilf (4 < A + B II x II> x E E. 
Define 1 f 1, the quasinorm off, to be the infimum of all B 3 0 for 
which (i) holds for some A >, 0. In other words 
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The above definition is due to Granas [2]. Notice that 1 * 1 is a 
seminorm on Q(E). 
DEFINITION 1.1. Let f, g E Q(E). The mapping f is said to be 
asymptotically equivalent to g or tangent to g at co (written f N g) if 
/ f - g 1 = 0. It is easy to see that this is an equivalence relation. 
A(E) is the normed space of all equivalence classes of quasi- 
bounded maps, i.e., A(E) = Q(E)/N(E), where N(E) = {f EQ(E): 
1 f 1 = O}. The norm on A(E) is the one induced by 1 * 1 and will be 
denoted in the same way. In Theorem 1.1 below we will prove that 
A(E) is actually a Banach space. 
We have the following commutative diagram of continuous maps 
where i is the inclusion map of L(E) into B(E) as Banach spaces, 
j is the inclusion of B(E) into Q(E) as vector spaces and p is the 
canonical projection of Q(E) into A(E). The maps s and r are defined 
as compositions. 
Remark 1.1. (a) i and s are isometries (not onto). 
(b) j is continuous and I-1 (not onto). 
PROPOSITION 1.1. The linear map 7~ is onto. More precisely, 
G-4 for any f E Q(E) th ere exists a sequence {fn} in B(E) such that 
fn -f a~4lfA --f If I. 
(b) if f is asymptotically linear (i.e., f -f’(m) for some 
f’(m)EL(E)) thenf,+f’(m)inB(E). 




f 6-4, if II x II 2 n, 
1 
(II x Il/4f(4ll x II), if 0 < I/ xl1 < n, 
0, if x=0. 
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Therefore fn E B(E) for tl big enough. Furthermore 
(b) We have f = f’(a) + W, where / w / = 0. Thus fn = 
kyz!, do2 = f’( co) + w, . From (a) it follows that /j wI1 /) -+ 0 and 
THEOREM 1.1. A(E) is a Banach space. 
Proof. Let {y%} b e a sequence in A(E) such that Z, 1 CJJ% 1 < + 00. 
We need only to prove that .zl,q~, converges. By Proposition 1.1, for 
any positive integer n we can choose f, G B(E) such that n(fn) = vti 
and // fn [/ < 1 yn j + 2-“. Since B(E) is Banach, &f, converges to an 
element f E B(E). From the continuity of rr: B(E) --+ A(E) we finally 
get GP(M = &cp,, = 4f ). Q.E.D. 
2. THE NONLINEAR SPECTRUM AND ITS PROPERTIES 
From now on, unless otherwise stated, E will stand for a complex 
Banach space. 
For any f E Q(E) we define 
The following proposition holds. 
PROPOSITION 2.1. The function d: Q(E) + 52 has the following 
properties. 
(a> 0 < d(f) 6 If 0 vfEQ(E). 
(b) &!f) = IW(~),\JXE~=,~~Q(E). 
Cc) dtf + d G d(f) + I g 1) vf> g E Q(E). 
(4 4f > - I g I G 4f + g>, ‘df, g E Q(E). 
(e) 4f 0 d < I f I d(g), Vf> g E QW 
(f) f, g E IQ(E) andf -g => d(f) = d(g), therefore d is actually 
defined on A(E). 
(g) Let f E L(E), then d(f) > 0 if and only iff is injective and its 
inverse is continuous. 
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(h) d(f) = IIf-’ \I-‘for any linear isomorphism. 
(i) The mapping d: Q(E) - R is continuous; more precisely, 
I d(f) - W ,< If-g l,hg~QtE)- 
Proof. (a) and (b) are evident. 
(c) For any constant B > I g j there exists A 3 0 such that 
Ilf (4 + g(x)ll < Ilf (411 + A + B II x II, hence for x # 0 we have 
IIf + g(~N/ll x II G Nf@>ll/ll x II> + (411 x II> + B. 
By taking the lim inf as II x 1) -a we get d(f+g) <d(f)+B. 
The assertion follows since B can be chosen arbitrarily close to I g I. 
(d) follows immediately from (c). 
(e) For any B > If I there exists A > 0 such that Ilf(g(x))jl < 
A + B II g(x)ll- Th e assertion follows immediately from this inequality. 
(f) f -g means that f = g + w, where I w  I = 0. From (c) 
and (d) we get 
d(g) - I w I G 4g + w> G d(g) + I w I. 
Hence d(f) = d(g). 
(g) We have to prove that d(f) > 0 if and only if there exists 
m > 0 such that m (1 x 11 < /f(x)ll, Vx E E. This follows immediately 
from the fact that the linearity off implies 
(h) We have 
(i) We have 
d(f) = w-g -tg) G If-g I + 4d; 
hence I d(f) - WI G I f - g I. Q.E.D. 
DEFINITION 2.2. Let f E Q(E). Define the spectrum off as 
‘z(f) = {A E c: d(A -f) = O}, 
where by h -f we d enote the mapping Al - f, I the identity on E. 
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For a different definition of spectrum of nonlinear operators see 
for example [I, 31 (see [I] for further references). 
We have the following 
PROPOSITION 2.2. The spectrum has the following properties. 
(a) f, g E QW andf - g * z(f) = =%d. 
tb) r(f) < If I> h w ere r(f) = sup{/ h j : h E X(f )) is the spectral 
radius off. 
(c) Z(f) is compact. 
(4 Gcf) = G(f 1, CL E @. 
(4 ~(CL +f) = P + z:(f), PEE. 
(f) A E z(f) 3 d(f) < I X I. 
(g) Iff EL(E), then Z(f) C u(f), where a(f) is the usualspectrum 
of the linear map f. 
(h) If f EL(E) is compact, then Z(f) = u(f). 
Proof. (a) follows immediately from Proposition 2.1(f). 
(b) Let X E Z(f), then by Proposition 2.1(d) we get 1 X [ - / f j < 
d(h -f) = 0, i.e., 1 X j < 1 f /. 
(c) By Proposition 2.1(i) the map h I-+ d(X -f) is continuous 
and hence .X(f) is closed. By (b), Z(f) is bounded and therefore 
compact. 
(d) We have d(X - pf) = j p / d(A/p -f), VA E C. Therefore 
A E Z&f) if and only if A E @(f ). 
(e) We have d(h - (p + f)) = d((h - p) - f ). Therefore 
h E C(p + f) if and only if h E p + Z(f ). 
(f) follows from Proposition 2.1(d). Indeed, h E Z(f) implies 
d(f) - j h / < d(X -f) = 0. 
(g) follows from Proposition 2.1(g). 
(h) It is known that if f is a linear compact operator such that 
h - f is injective then h - f is invertible. Therefore if A # Z(f) then 
X $ o(f >, i.e., u(f) = z(f ). Th e assertion now follows from (g). 
Q.E.D. 
3. THE DEGREE OF SURJECTIVITY 
Let f: E + E be a compact qua&bounded map such that 
d(1 -f) > 0. From the definition of d it follows that there exists 
r0 > 0 such that x #f(x) for any x E E with 11 x 11 > rO . This implies 
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that for any Y > Y,, the Leray-Schauder degree deg(1 - f, B, , 0) 
of the compact vector field 1 - f restricted to B, = {X E E: I( x (1 < r} 
is defined. 
We set 
de&l - f) = deg(l - f, B, , 01, 
where r is any number greater than r, . 
This is a well-posed definition since by the localization 
property of the Leray-Schauder degree we have deg(1 - f, B, , 0) = 
deg(1 - f, B, , 0) for any r, s > Y,, . 
Let f be as above and h E a=. We say that h - f is admissible for 
surjectivity (s-admissible) if h $ Z(f) u {0}, i.e., h # 0 and d(A -f) > 0. 
We define the surjectivity degree of A -f as 
deg(h - f) = deg(1 - A-lf). 
A homotopy H: E x [0, 11 -+ E is said to be an s-homotopy if the 
following conditions are satisfied. 
(a) H(x, t) = A(t)x - h(x, t), where k [0, l] --+ C and h: E x 
[0, l] -+ E are continuous; 
(b) h is uniformly continuous at co with respect to t in the sense 
,im II 4% t) - h(x, t,)ll = o; 
t+ t, 
Ilxlb-m II x II 
(c) For any bounded subset A C E the set h(A x [0, 11) is 
relatively compact; 
(d) The mapping h(t) - h(*, t) is s-admissible for any t E [0, 11. 
Remark 3.1. Properties (a)-( ) c are obviously satisfied when h is 
of the form 
h(x, t> = i 9J&)ficG 
i=l 
where vi: [0, l] -+ @, i = 1, 2 ,,.., n, are continuous and f$: E --t E, 
i = 1, 2,..., n, are quasibounded and compact. In particular this holds 
when 
or 
4% 4 = ?M4 + (1 - Of&) 
Two s-admissible maps are said to be s-homotopic if there exists an 
s-homotopy joining them. 
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PROPOSITION 3.1. The surjectivity degree has the following properties. 
(a) Two s-homotopic maps have the same surjectivity degree. 
(b) Let f, g: E --t E be compact and quasibounded. If d(X -f) > 
j f - g 1, then deg(h - f) = deg(X - g). More precisely X - f and 
A - g are s-homotopic. 
(c) If h - f is s-admissible and f N g then h - g is s-admissible 
and deg(h -f) = deg(h - g). 
(d) Let f: E -+ E be compact and quasibounded. If A, , A, are 
dkferent from zero and belong to the same component of C\Z(f) thhn 
deg(h - f) = de& - f ). 
(e) If deg(h -f) # 0 then X - f is onto. 
(f) deg(h - 0) = 1 for all X E C\(O}. 
Proof. Let H(x, t) = A(t)x - h(x, t) be an s-admissible homotopy 
joining A, - f0 and h, - fi . We have only to show that there exists 
Y > 0 such that the equation 
X(t)x - h(x, t) = 0 
has no solutions for /I x 11 > r and t E [0, 11. In fact, in this case, the 
map H,: B, X [0, 11 --f E, defined by E&(x, t) = x - h-l(t) h(x, t), 
is an admissible homotopy in the usual Leray-Schauder sense. 
Therefore from the definition of the surjectivity degree it follows that 
deg(h(t) - A(*, t)) = deg(1 - h-l(t) h(*, t), B,. , 0) 
for any t E [0, I], and this is constant by the homotopy property of the 
Leray-Schauder degree. 
Suppose that for any n E N the equation 
X(t)x - h(x, t) = 0 
has a solution (xn , tn) such that 11 X, Ij > n. Since t, E [0, I] we may 
assume t, -+ t’ E [0, I]. We have 
II 4f’) x?z - 4% , f>ll G I W> - GJI II x, il 
+ I/ &%I , CL> - h(xn , q. 
Dividing by \\ x, /I we get 
d(X(t’) - h(-, t’)) < l$n+izf II W’) %a - w%a 7 f)ll 
II xn II 
~ lim inf II h(x, ’ ‘;lr,:(“~ ) “>I1 , 
TZ++m n. 
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The last term is equal to zero by property (b) of s-homotopy. There- 
fore d(X(t’) - h(., t’)) = 0, which contradicts the s-admissibility of 
h(t’) - h(*, t’). 
(b) Define a homotopy joining A -f and h - g as 
H(% t) = h - ((1 - t)f(x) + Q?(x)). 
Clearly H is continuous and by Remark 3.1 it satisfies conditions (b) 
and (c) of s-homotopy. Therefore we have only to show that it also 
satisfies property (d). By Proposition 2.1(d) we get 
d(h-(l--)f--g)=d(X-ff+(f-g)) 
~dd(~-ff)--tf-gl P-0 for all t E [0, I]. 
(c) follows immediately from (b) since d(X -f) > 0 and 
If-gl =a 
(d) Let D be the component of @\Z(f) containing A1 and h, . 
Since D is open there exists a path s: [0, l] -+ Q\(O) joining A1 and ha . 
Clearly A, - f and A2 - f are s-homotopic via the map 
H(x, t) = s(t)x -f(x). 
The assertion follows by (a). 
(e) We have to prove that the map fr,: E --t E defined by 
f*(x) = A-‘(f (4 + P) h as a fixed point for anyp E E. By property (c), 
de& - f) = dedl - f,) since A-lf N fp . On the other hand there 
exists r > 0 such that 
deg(1 -f,, 4,O) = deg(l -f,). 
Therefore deg(1 - fp , B, , 0) = deg(A -f) # 0. By the existence 
property of the Leray-Schauder degree we are done. 
(f) follows immediately from the normalization property of the 
Leray-Schauder degree. Q.E.D. 
4. SURJECTIVITY RESULTS 
We have the following 
THEOREM 4.1. Let f: E -+ E be compact and quasibounded and 
h # 0. If A belongs to the unbounded component of @\Z(f) then X - f is 
onto. 
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This result will be proved later in a more general form (see 
Theorem 4.2 below). 
The following example shows that in Theorem 4.1 the assumption 
“A belongs to the unbounded component of C\Z(f)” cannot be 
replaced by “A $,X(f).” 
Consider the function f: C -+ @ defined byf(x + iy) = j x 1 + iy. 
We have 1 = d(f) = j f /. Th ere ore f by Proposition 2.2(b)-(f), 
Z(f) c s = ( x E C: ( z / = I>. It is easy to see that the equation 
gz -f(z) = 1 
has no solutions. This implies that 8 - f is not onto. Therefore by 
Theorem 4.1 the spectrum Z(f) must coincide with S1. 
We now prove a more general form of Theorem 4.1. 
THEOREM 4.2. Let f, g: E -+ E be compact and quasibounded. 
Assume 
where X # 0 belongs to the unbounded component of @\Z(g). Then h - f 
is onto. More precisely, deg(h -f) = 1. 
Proof. By Proposition 3.1(b) it is enough to prove that 
deg(A - g) = 1. On the basis of Proposition 3.1(d) it suffices to show 
that deg(r - g) = 1, where r is any real number greater than 1 g I. 
Define the homotopy 
N(x, t) = rx - tg(x), t E [O, I]. 
Clearly H is a homotopy joining r - g with r (by r we understand the 
map r1, I the identity on E). Moreover, 
o< y - t I g I < qy - tg), vt E [O, 11. 
Therefore H is an s-homotopy. By Proposition 3.1(a)-(f) we get 
deg(r -g) = 1. Q.E.D. 
It should be remarked that in some important cases the assumption 
x 6 Z(f) ” @I su fi ces for ensuring the surjectivity of h - f. This is 
the case when f is asymptotically linear and compact since, as is well 
known, for linear compact operators, zero is the only possible 
accumulation point of the spectrum. Theorem 4.3 below shows that 
in fact there exists a more general class of mappings with the property 
X $22(f) U {O> implies h - f is onto. 
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Recall that a mapping f: E -+ E is said to be odd if f = f -, where 
f-(4 = -f(-4 (h ence any linear map is odd). We say that a 
mapping f: E -+ E is asymptotically odd if f w f -. 
Notice that f-f - if and only if there exists an odd mapping 
g: E + E such that f -g. Indeed, if f is asymptotically odd then 
f - = f + o, with 1 w  1 = 0. Therefore f N g, where g = (f + f -)/2 
is clearly odd. On the other hand if f is asymptotically equivalent to an 
odd mapping g then f - -g- and so by transitivity f w f -. 
THEOREM 4.3 (Borsuk-type theorem for surjectivity). Let f: E ---f E 
be a quasibounded asymptotically odd compact mapping. If X $2(f) u (0} 
then deg(A -f) is odd (in particular it is dz$ferent from X~YO). 
Proof. Since f is asymptotically equivalent to an odd mapping, 
by the properties of the spectrum and the surjectivity degree, we may 
assume f to be odd. Let h $ Z(f) u (0). We have 
deg(h - f) = deg(1 - A-$ B, , 0), 
where B, is a sufficiently large ball around the origin. On the other 
hand 1 - A-lf is an odd compact vector field, so the assertion follows 
immediately from the Borsuk theorem in Banach spaces (see, 
e.g., [41). Q.E.D. 
We recall that if f is a compact linear map then C\Z(f) has only one 
component. We want to show that this is not true for any odd quasi- 
bounded compact map. 
Let f: C --f @ be defined by f (x) = X. Since f is positively homo- 
geneous and C is finite dimensional it is easy to see that Z(f) is 
exactly the set of eigenvalues off (with the exception X = 0 this is 
true also for positively homogeneous compact quasibounded maps 
defined on E), that is, 
Z(j) = (A E @: Xx -f(x) = 0 for some z # O}. 
Therefore CY + i/? E Z(f) f i and only if the following homogeneous 
linear system has nontrivial solutions. 
(a - 1)x - py = 0, 
Bx + (a + l)Y = 0. 
This implies Z(f) = {a + i/3: 2 + /3” = l> = S. Hence C\Z(f) 
has exactly two components. 
A NONLINEAR SPECTRAL APPROACH 315 
Using the homotopy property of surjectivity degree, Theorem 4.3 
can be extended in the following way. 
THEOREM 4.4. Let f:E -+ E be compact and quasibounded. If 
A # 0 is such that 
4X-f) >aIf-r-l, 
then deg(h - f) is odd. Hence h - f is onto. 
Proof. Define H: E x [0, I] - E by 
H(*, t) = x - f + (m(.f - f-1. 
We have H( *, 0) = X - f and H(*, 1) = h - +(f - f-). Since 
+( f - f-) is an odd map, by Theorem 4.3 and the homotopy property 
of surjectivity degree it is enough to show that H is an s-homotopy. 
This follows immediately from 
4X - f + wxf - f -1) 3 4X - I) - ($4 If - f- I > 0 
for all 0 :< t r; 1. Q.E.D. 
Proposition 4.1 below will show that the assumption in 
Theorems 4.14.4, that E is a complex Banach space, is not restrictive. 
Let f: E -+ E be a quasibounded mapping from a real Banach 
space E into itself. Obviously d(f) and Z(f) C 58 can be formally 
defined as in the complex case. Consider the complexification 
i? = E @ iE of E with norm 
/I x + iy /I = max{/i x cos t + y sin t 11: 0 < t < 2x) 
and define j: ,!? - 12 by J’<X + iy) = f(x) + if(y). 
PROPOSITION 4.1. Let E be a real Banach space and f: E -+ E be 
quasibounded. Then 
(a) f is compact ;f and only if 3 is compact. 
(b) Let h E R, then h - f is onto if and on& ;f h -p is onto. 
(cl E(f > = WI n R 
Proof. (a) and (b) are evident. 
(c) It is enough to show that 
d(j) = 0 0 d(g) = 0 
for any quasibounded map g: E + E. 
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( *) Let (3, + &} b e a sequence in I? such that 11x, + &,I/ + co 
and 
II &Gz) + ig(Yn>ll/ll x92 + ;m II -+ 0 
as n -+ co. Since 
max{ll x IL II y II> G II x + iy II < II x II + II y II, VT y E E, 
we have 
II&J + ig(Y > max(ll&n)ll~ II AYJII 
II x?i + tin II Ilxnll +Ilmll - 
Put 
A = {n E R-J: II xn II 2 II in II>, 
B = + E RJ: II xn II < II in II>. 
Since A u B = N, either A or B is infinite. Therefore without loss of 
generality we may assume that 2 II X, )I > 11 x, 1) + ]I yn 11. Thus 
m4l &dl~ II g(m>ll> , II &n)ll 
II %I II + II Yn II ‘TmlXn 
This implies that d(g) = 0. 
The implication “x=” is evident. Q.E.D. 
COROLLARY 4.1 (Granas [2]). Let f: E --t E be quasibounded and 
compact. If 1 f I < 1 then 1 -f is onto. 
Proof. Without loss of generality (see Proposition 4.1) we may 
assume that E is a complex Banach space. Clearly 1 lies on the 
unbounded component of @\Z(f) since r(f) < 1 f I < 1. The result 
now follows from Theorem 4.1. 
The following result is implicitly contained in [3]. 
COROLLARY 4.2. Letf:E -+ E be asymptotically linear and compact. 
If the spectral radius p(f ‘(co)) is less than one then 1 - f is onto. 
Proof. Since f andf ‘( co) are compact and asymptotically equivalent 
by Proposition 2.2(a)-(h), we get r(f) = p(f ‘(a)). Apply 
Theorem 4.1. 
We now give an example showing that our result is more general 
than that of Granas. 
Let f: @ -+ @ be defined by 
f(x + ir) = (I x l/2) + ir. 
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Since f is positively homogeneous its spectrum coincides with the 
set of eigenvalues off. In other words CL + $3 belongs to Z(f) if and 
only if the following conditions are satisfied for some X, y E IR such 
that x2 + y2 > 0. 
(a & $)x - py = 0, 
/3x + (a - 1)y = 0. 
This implies 
det (a zt 8 
f 
-P 
P (a - 1) 1 = O* 
Therefore, as can easily be seen by standard computations, Z(f) is the 
union of the two circles: 
S+={zE@:(Z-*f =g>; 
S-={zE@:IZ-$1 =Q}. 
The complement of Z(f) consists of exactly three components: 
Q+ , the unbounded one; Sz- , surrounded by S- ; a,,, inside S, and 
outside S- . 
We want to compute the surjectivity degree of h - f for h $ C(f). 
Theorem 4.2 ensures that deg(X -f) = 1 when X E 8, . Since the 
equation (z/4) -f(z) = 1 is not solvable (hence $ - f is not onto) 
and $ E Q0 we have deg(h - f) = 0 for all h E J&, . 
To compute the degree in Sz- it is enough to choose X = 3. By 
Proposition 3.1(c), if w is any point in C we have deg( $ -f) = 
deg( $ - fw), where f,: @ -+ C is defined by f,(x) =f(z) + w. This 
fact and the definition of surjectivity degree imply that deg( $ - f) is 
exactly the Brouwer degree deg(q, B, , p), where ‘p: R2 + R2 is 
defined by ~(x, y) = (&x - (I x l/2), -y/4), p E R2 is arbitrary, and 
B, is any open ball containing y-‘(p). On the other hand the sign of 
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the jacobian of v is always -1 whenever it is defined, i.e., for all 
(x, y) such that x # 0. Easy computations show that v-‘(p) consists 
of exactly one point for all p E UP. Therefore, since p is arbitrary, 
we can assume that q-‘(p) does not belong to the y-axis. This shows 
that deg(v, B, , p) = - 1, and so deg(h -f) = -1 for all h EQ-. 
Therefore, if o: @ --t C is any continuous function such that 
44/l x I - 0 as I x I --t + cc we can conclude, by the properties of 
surjectivity degree, that the equation 
AZ - (f(4 + W(Z)) = w 
has a solution for all h E Q+ u s2_ and w  E C. 
On the other hand, since 1 f 1 = 1, the Granas result ensures only 
that the above equation is solvable for 1 A 1 > 1. 
The surjectivity results of this paper will be extended to the class of 
ol-Lipschitz maps (k-set-contractions) in a joint paper of K. Georg 
and M. Martelli. 
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